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XV. A new Demonstration of the Binomial Theorem, zvhen the 
Expojient is a positive or negative Fraction. By the Rev. 
Abram Robertson, A.M. F.R.S. Savilian Professor of 
Geometry in the University of Oxford. In a Letter to Davies 
Giddy, Esq. F. R. S, 



Read June 5, 1S06. 

DEAR SIR, 

Being perfectly convinced of your love of mathematical 
science, and your extetisive acquirements in it, I submit to 
your perusal a new demonstration of the binomial theorem, 
when the exponent is a positive or negative fraction. As I 
am a strenuous advocate for smoothing the way to the acqui- 
sition of useful knowledge, I deem the following articles of 
some importance ; and unless I were equally sincere in this 
persuasion, and in that of your desire to promote mathemati- 
cal studies, in requesting the- perusal, I should accuse myself 
of an attempt to trifle with your valuable time. 

The following demonstration is new only to the extent 
above mentioned ; but in order that the reader may perceive 
the proof to be complete, a successive perusal of all the 
articles is necessary. As far as it relates to the raising of in- 
tegral powers, it is in substance the same with one which I 
drew up in the year 1794,, and which was honoured with a 
place in the Philosophical Transactions for t "jqq. If, therefore^ 
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go6 Mr. Robertson's new Demonstration 

you think the following demonstration worthy the attention 
of mathematicians, you will much oblige me by presenting it 
to the Royal Society, 

I am, &c. 

A. ROBERTSON. 

Oxford, 
March 2 1 St, 1806. 



1, The binomial theorem is a general expression for any 
power of the sum or difference of two quantities. Thus if n 
be any positive or negative whole number, or vulgar fraction, 
and a, b, be any two quantities, the binomial theorem expresses 
in a series the value of a-\-b\', or a —61". 

The binomial theorem is of very extensive utility. Besides 
the advantages derived from it in raising powers and ex- 
tracting roots, it enables us to conduct, with clearness and 
ease, a variety of investigations in the higher parts of algebra, 
which, without its assistance, would become perplexed and 
laborious. 

3. If 7« be a whole positive number, we can raise x-{-ato 
the power denoted by », in the following manner, by multi- 
plication. 
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ax-\-a* 

x-\-a 

x^'\'2,ax'-\-a' X 

ax'-^-za* x-{-a^ 



x''-\-Qax^-{-$a* x-\-a^=x-{-a\ 
x-\-a 

x'^-{'$ax^-\-^a'- x'-\-a^ X 

ax^-^ga" x^-l-ga^ x-j-a" 

&c.. 



In the same manner the value of x — a\ may be obtained ; 
and its only difference from the value of x-f-al" will consist 
in having the negative sign prefixed to such terms as have an 
odd power of a. And as the powers of any other quantity, 
either simple or compound, may be obtained gradually by 
multiplying the last found power by the root, in order to find 
the next higher pov/er, it is manifest that the principles of 
multiplication are the most simple and evident, to which we 
can resort, for the demonstration of the binomial theorem. 
These principles, therefore, will be used throughout the whole 
of the following investigations on the subject, and by them 
every case of the theorem will be established. 
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It is well known to mathematicians that the theorem has 
been repeatedly proved, either by induction, by the summa- 
tion of figurate numbers, by the doctrine of combinations, 
by assumed series, or by fluxions ; but that multiplication is a 
more direct way to the establishment of the theorem than 
any of these, cannot, I think, be doubted. Proceeding by 
multiplication, we have always an evident first principle in 
view, to which without the aid of any doctrine, foreign to the 
subject, we can appeal for the truth of our assertions, and 
the certainty and extent of our conclusions. 

g. If ^, q, be any two quantities, the product arising from 
the multiplication of /> by g is equal to the product arising 
from the multiplication of qhy p.* For magnitudes being to 
one another as their equimultiples, p ■x.q :t y.q ::p : i, and 
q xp: 1 xp i: q: 1. But i y.q=:q, and i %pz=p, and there- 
fore, placing for ex eequah in a cross order, 
py.q'.q:l 
qxp • p •• 1. 
Consequently, /> X q: i :: qxp : i, and therefore ^5=^^. 

Hence it follows that the product arising from the multi- 
plication of any number of quantities into one another, conti- 
nues the same in value, in every variation which may be 
made in the arrangement of the quantities which compose it. 
Thus p, q, r, s, being any quantities, pqrs=pqr x.s = spqr=s 
spq X r=:rspq=rsp x q:=^qrsp=qr x s ■x.p=qr %p x s=:qrps, &c. 
And if x-{-a=:p, x+6=^, x~\-c:=r, x-\-d=:s, x-\-e^=t, &c. 
then x-{-ay<.'x^y.x-{-c>iX-{-dy.x-j'e==pqrst=::x-\-a->(.x-\-b% 

• When I speak of the multiplication of quantities into one another, I mean the 
multiplication of the numbers into one another which measure those quantities. 
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x-{-c X x-\- ey,x -\-d=:pqrts = any other arrangement which 
can take place in the quantities, 

4. It is evident that each of the quantities a, b, c, &c. will 
be found the same number of times in the compound product 



arising from x-\- a x x^^h x ^ + c x x-\-d x x-\-e. Sec. For 
this product is equal to pqrst -^pqrs y.x-\-e =pqrt x x + (i= 
pqst X x-{-cv=iprst xx-^b =iqrst x x-\-a, by substituting for the 
compound quantities, x-\-a, x-\-b, &c. their equals ^, ^, &c. 
Wherefore, in the compound product, each of the quantities 

a, b, c, &c. will be found multiplied into the products of all the 
others, 

5. These things being premised, we ma,y poceed to the- 
multiplication of the compound quantities ar-f-df, ^-{-b, x-^c, 
&c. into one another ; and in order to be as clear as possible 
in what follows, let us consider the sum of the quantities, a, 

b, c, &c. or the sum of any number of them multiplied into 
one another, as coefficients to the several powers of x, which 
arise in the multiplication. By considering products which 
contain the same number of the quantities a, b, c, &c, as ho- 
mologous, the multiplication will appear as follows, and 
equations of various dimensions will arise, according to the 
powers of x. 
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J^,jz-^ab=^pq; a quadratic equation, or an equation of 
"* two dimensions. 

X -\-c=r 

x^-\-a\ ■^ah'X 
4-6 la;'-i-at: \x -{■abc=pqr; a cubic, or an equation of three 
•\-cj -^-bcj dimensions. 

X -]-d=s 



x*-^a-] -\-ab' 

-{-c [ -{-be 
•\-dJ -^-ad 
+hd 
•^cd. 

X -\-e-=it 



>JC 



'^-abc'} 
.•\-abd [ 



"j[ , )>x ■^abcd=pqrs ; a biquadratic, or an 
Tf^ , equation of four di- 



■\-bcd] 



equation > 
mensions. 



x*-\-a 
+ b 



-{-ah- 



4-c yx*-\-bc 

'\-d -^-ad 

I . ! t LJ 



+ ^J 



•^bd 
•^-cd 

■^be 
4" ce 
•^deJ 



>x 



-\-abc' 

•\-abd 

-\-acd 

•^-bcd 

,-\-abe 

•\-ace 

-j- bee 

-^ade 

■\-bde 

•\-cde. 

&c. 



•\-abcd' 

■\-abce 

>x*-{-abde 

•\-acde 

•^bcde 



>x -{-abcde = pqrst ,• a sur- 
solid, or an equation of 
five dimensions. 



6. From the above it appears, that the coefficient of the 
highest power of x in any equation is i ; but the coefficient of 
any other power of x in the same equation consists of a cer- 
tain number of members, each of which contains one, two, 
three, &c. of the quantities a, b,c, &c. Thus the coefiicient of 



of the Binomial Theorem. 311 

the second term of any equation is made up of members, each 
of which contains only one of the quantities a, h, c, &c. and 
the whole coefficient of the second term is the sum of all 
these members, or the sum of all the quantities a, b,c, Sec. 
used in the multiplication by which the equation, under consi- 
deration, was produced. Thus in the equation of four dimen- 
sions, the whole coefficient of the second term is a-^-b-^c-^-d, 
and a,b, c, d, were used in the multiplication in obtaining the 
equation. The coefficient of the third term, of any equation, 
is made up of members, each of which contains two of the 
quantities a, b, c, &c. used in the multipHcation in obtaining 
the equation. Thus in the equation of four dimensions, the 
whole coefficient of the third term is ab + ac-{- be -j- ad-^-bd 
-f- cd. And indeed, not only from inspection, but also from 
considering the manner in which the equations are generated, 
it is evident that each member of any coefficient has as many 
of the quantities a, 6, c, &c. in it, as there are terms in the 
equation preceding the term to which the coefficient belongs. 
Thus each member of the coefficient in the second term of 
any equation is one quantity only, and only one term precedes 
the second term. Each member of the coefficient in the third 
term, of any equation, consists of two quantities, and two 
terms precede the third, &c. 

7. When any equation is multiplied in order to produce the 
equation next above it, it is evident that the multiplication by 
X produces a part in the equation to be obtainea, which has 
the same coefficients as the equation multiplied. Thus, mul- 
tiplying the equation of three dimensions by x we obtain that 
part of the equation of four dimensions which has the same 

MDCCCVI. S S 



gi2 Mr. RoBERtsON's mt^ 'Demonstration 

coefficients as the cubifc : the only effect of this muKiplication 
being the increase of the exponents of ;r by i . 

8. But when the sam6 equation is multiplied by the quan- 
tity adjoined to x by the sign -4-, each term of the product, in 
order to rank under the skme power of a:, must be drawn 
one term back. Thus when the first term of the cubic is mul- 
tiplied by d, the product must be placed in the second term of 
the biquadratic. When the second term of the cubic is multi- 
plied by d, the product riiust be placed in the third term of 
the biquadratic: and so of others. 

9. As the equation last produced is the product of all the 
compound quantities j;-}-<j, x-^b, x-^-c, &c. into one another, 
and as it was proved in the fourth article that each of the 
quantities a, b, c, &c. must be found the same number, of times 
in this product, if we can ■compute the number of times any 
one of those quantities enters into the coefficient of any term 
of the last equation, we shall then know how often each of 
the other enters into the same coefficient: and this may be 
done with ease, if of the quantities a, b, c, &c. we fix upon 
that used in the last multiplication. For the last equation, 
and indeed any other, may be considered as made up of two 
parts ; the first part being the equation immediately before 
the last multiplied by \r, according to the 7th article, and the 
second part being the same equation multiplied by the quan- 
tity adjoined to x by the sign -j-, last used in the multiplication, 
according to the 8th article. This last used quantity, therefore, 
never enters into the members of the coefficient of the first 
of these two parts, but it enters into all the members of tire 
coefficients of the last of them. But that part into which it 
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does not enter has the same meiubers as the coefficients of 
the equation immediately before the last, by the 7th article; 
and when the members of the first part are multiplied by the 
last used quantity, the product becomes the second part of 
the whole coefficient above mentioned. 

Thus the first part of the cubic equation, by the 7th article 

is, X , \x^-\-ahx, and as these coefficients are the same as 

the coefficients in the quadratic equation, being multiplied by 
c, and arranged according to the 8th article, we have the co- 
efficients of the second part of the cubic, viz. C'\-ac_. , 

Hence it is evident, that there are as many members in any 
coefficient, which have the last used quantity in them, as 
there are members in the coefficient preceding, which have 
not the same quantity. Thus in the 3d term, in the equation 
of four dimensions, there are three members of the whole 
coefficient of .r" which have d in them, viz. ad, hd, cd, and 
there are three members of the whole coefficient of x^ in the 
second term, which have not d in them, viz. a, h, c. In the 
fourth term of the same equation, there are three members of 
the whole coefficient of x, which have d in them, viz. ahd^ 
acd, bed, and there are three members of the whole coefficient 
of X' in the third term which have not d in them, viz. ab, ac, 
be. Now as it has been proved that each of the quantities a, 
b, c, &c. enters the same number of times into the coefficient 
of the same term, what has here been proved of the last used 
is applicable to each. 

10. From the last article the number of members in the 
several coefficients of any equation may be determined. For 

Ss e 
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if we put 5= the number of times each quantity is found in a 
coefficient, n= the number of quantities a, b, c, &c. used in 
producing the equation, and p= the number of quantities in 
each member; then as a is found s times in this coefficient, h 
is found s times in this coefficient, &c. the number of quan- 
tities in this coefficient, with their repetitions, will be sy,n; and 
as p expresses the number of quantities requisite for each 
member, the number of members in the coefficient will be -^ • 
Thus, for the sake of illustration, if we limit the above no- 
tation to the second term of the equation of five dimensions, 
s=i, as each of the quantities a, b, c, &c. is found once in the 
whole coefficient of a;'* ; p=i, as each member consists of one 
quantity, and «=5, as a, b, c, d, e are used in producing the 
equation. Consequently — =5. If we limit the above nota- 
tion to the third term of the same equation, 5=4, ^=2, and 
M=:5, and therefore y =10. If we limit the above notation 
to the fourth term of the same equation, 5=6, ^=3, and «=5, 

and — =10. If we limit the above notation to the fifth term 

P 
of the same equation, s=^,p-=:=.^, and n=5, and -j =5. 

11. Using the same notation, we can by the last two 
articles, calculate the number of members in the next coeffi- 
cient after that whose number of members is j. For as ~ 
expresses the number of members in the above mentioned 
coefficient, and s the number of times each quantity is found 
in it !1 —s=z the number of times each is not found in it. By 
the 9th article therefore, a will be found j—s times, b will 

be found — — s times, &c. in the next coefficient, and there- 

P 

fore -~SY.n ~ "'''"•^--- = the number of quantities, with. 
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a 



their repetitions, in it. But as the number of quantities in 
each member of a coefficient is 1 less than the number in each 
member of the coefficient next following, each member of 
the coefficient whose number of members we are now calcu- 
lating will have in it^+i number of quantities. Consequently 

^ ~"^^" - = -^ X r-^ = the number of members of the coeffi- 



cient next after that whose number of members is — , as in 

P 

the last article. 

12. It is evident, from the sixth article, that the value of 
p in the second term of any equation is i ; in the third term 
of any equation its value is 2 ; in the fourth term of any equa- 
tion it is 3, &c. It is also evident that the number of members 
of the coefficient of the second term of any equation is n ; for 
the whole coefficient is the sum of all the quantities a, h, c, &c. 
used in producing the equation. It therefore follows that the 

general expression -j x j^i obtained in the last article, enables 

us to ascertain the number of members in the coefficient of 
any term in an equation. For the number of members of the 
coefficient in the second term being n, according to the suc- 
cessive values of ^ the number of members in the third terra 

is n . ^^ ; in the fourth term it is n . ^^ . ^^ ; in the fifth 

z ' 23' 

term it is w . ^^^ . ^^^^ . ^^ ; and this regular form may be 

extended to express the number of members in the coefficient 
of any term whatever. 

13. The binomial theorem, as far as it relates to the raising 
of integral powers, easily follows from the foregoing articles. 
For if all the quantities a,b, c, &c, used in the multiplication 
ia the fifth article, be equal to one another, and consequently 
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each equal to a, each of the members m any coefficient will 
become a power of a; and, therefore, as the exponent of x in 
the first term is equal to n, it follows from the sixth and last 
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articles that x-{-a\"=:x'''\-nax -^n.—j-a'x -\-n.—^.- 

« o: ^-J-?^ . • . — -a^ ^4- cic. 

'234 V ^ 



14. If equations be generated from x—a.x—b.x—c .x~^d, 
&c. the coefficients will be the same, excepting the signs, as 
those which result from x-\-a . x-^b . x-{-c . x-{-d, &c. in the 
fifth article ; and as minus multiplied into minus gives plus, 
but minus multiphed into minus multiplied into minus gives 
minus, the coefficients in equations generated from x^a . 
x—b. x—c . X — d, &c. whose members have each an even 
number of the quantities a, b, c, &c. will have the sign -f, 
but coefficients whose members have each an odd number of 
the quantities a, b,c, &c. will have the sign •— . And hence it 

IS evident that x—a\ r=:x" — nax '\-n . -^ ax —n , --j- - 

^liila\x"-^+n.'.^.'-^.'^a*x"-^-' &c. 

15. By the general principles of involution a-|-6r=a"x 

6 



1 -{- i-j''=:a''x i+o;!", by putting x= -. By article 13, i+ccl 

n — i . I «— I M— 2 3 , n—i n—z ;t— 3 „+ , 

=::i+nx+n.-^x'+n.-^.---x'^n.-^-^.--T-'-~-x + 



m — I 



Sec. and by the same article i-^xf^i-^mx-^m . -^- x'-^m . 
"HzI JHnL-x'-i-m 2i-L . !2=:2 . !!i=i3 ^4 I &c. But by the ge- 

2*3 ^^ 2 34 — — — » .. 

neral principles of involution, and article 13, i+xl" x i-f-^'l'" 
p:i -j-xP =i-f 7z+wa:+n+m . -^ — x^-\-n-{-m . — - — . 
n+m-z ^3_^;^q:^ "+'"- ■1 . "+^-^ .,"+"'-3 ^4 ^ 3j.j,_ ^hen » 

and m are whole numbers. . 
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Hence it is evident that if the series equal to i-f-jrl" be 

multiplied by the series equal to i-\-xT, the product must be 

equal to the series which is equal to i-J-J^I"'^'". Now the two 
first mentioned series being multiplied into one another, and 
the parts being arranged according to the powers of x, the 
several products will stand as in the following representation. 






^^x\ .=i-{-nix-{-m .-j-x'-\-7n . -j- . x -f-m . . . — - x*-\- Sec. 



i^-nx-^n . X + n. . ~ — x + n .- . — — . — - x ■\- occ. 

1 o 1 ^ — I Si »— I n~-Z ., , o „ 

?wx-{- m . nx'-f-m . n . — - x-^-m.n.— — . x + &c. 

OT . x^-A-m. . nx 4-m . - — . » . x*4- Sec. 

2 ' Z • 2 2 ' 

^ . . X^Mm . , . 71X ■+• &C. 

2 3 I 2 3 • 

For the sake of reference hereafter let this be called 
multiplication A. 

Now with respect to the coefficients prefixed to the several 
powers of x, m the foregoing multiplication, two observations 
are to be made, by means of which the demonstration of the 
theorem may be extended to fractional exponents. 

In the first place, supposing n and m to be whole numbers, 
the sum of the coefficients prefixed to any individual power 
of X, m muItipHcation A, must be equal to the coefficient pre- 
fixed to the same power of x in the binomial series 1 ■\-n-\-mx 



nJ^-m — I z I """; n-\-m — i n+m 



n-j-m . — x-f-it-j-m . — — ■ — . -x*-\-ft-\-m . 

■^"^'^~-- . /'+^"~^ . , "t'"~3 ^-^^^ &c. The certainty of tliis cir- 
cumstance rests partly on the 13th article, and partly on a 
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plain axiom, viz. that equals being multiplied by equals the 
products are equal. 

In the second place it is to be observed, that the whole 
coefficient of any power o^x, in the products of multiplication 
A, may be reduced to the regular binomial form, established 

in the 13th article. Thus w , ^^ -j-wra-f-w . ■ "'~ , the whole 
coefficient of x^, by actual multiplication becomes 

' " — = n-i-m . — — — . Also n . . \-mn . 

2 • . 2 23' 

^^ +OT . -— ^ . n4-m . ■■' "" ' . — ^^^—, the whole coefficient of 
2 ' 2 ' 2 3 

X', by actual multiplication becomes >'^+>"^-3>^--3>n»+3«->« ^ 

^m^n-6mn + 2n+2m ^^^:;^ n^rn-j. ^n + nt-2^ And from the 
6 "23 

preceding observation it is evident, that we may in the same 
manner, reduce the whole coefficient of any other power of 
X, in the products of multiplication A to the regular binomial 
form. 

16. But in proceeding, as above, to change the form of the 
coefficients prefixed to any power of a:, in multiplication A, 
into the regular binomial form, we are not under the necessity 
of supposing n and m to be whole numbers. The actual mul- 
tiplications will end in the same powers of n and m, the same 
combinations of them, and the same numerals, whether we 
consider n and m as whole numbers or as fractions. 

We are therefore at liberty to suppose n and m to be any 
two fractions whatever, in the two series multiplied into one 
another in multiplication A, and the same two fractions will 
take the place of n and m respectively in the regular binomial 

• 1 — ; I "~n; n + m—i , , — r— n+m — 1 n~i-m—2 , 

series i-f-n-f-mx-fn-^-m . — ■ x'-fn-^m.—^ .— ' x 
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j^-^Z . ^^±^ . -^iipl^ . -^ii^ x'+ &c. which expresses 
the product of the two series into one another. 

17, If therefore r be any positive whole number we can 

I I 

raise the binomial series 1+ — j:4- — . ^ a;'+ — • "-- — ♦ 



I III 



—r— '•^'+T' — r~"-"~l — .•—— :c*+ ^c. to any proposed 

power by successive multiplications ; or we can express any 

power of it by supposing the multiplications actually to have 

been gone through. Thus, ealhng the last mentioned series 

the root, if it be multiplied by itself, and if the coefficients in 

the product be expressed in the regular binomial form, its 

2 22 

square will be i-J- -^ ^-f- ~ .J-~^x*-\- ~ . -^^-^— . -^ x^ -f 

222 

2 7* y T 

— ' — — . — r — . — 7- j:*-f- ^c* Again, if this series be mul- 
tiplied by the root, and the coefficients in the product be ex- 
pressed in the regular binomial form, the cube of the root 

3 33 3 

will be 1+4-^+-.-^^ x^+-^.-^ ,'^^~~-x'+^.~ . 

' r "r 2 * r z Z ' ^ 2 

— r— . — 7— <«*+ &c. Proceeding thus, by multiplying the 
last found power by the root, in order to find the next higher 



power, the «th power of i -}- — x-\- ~ . ■—-- a'°+ — 



I 

1 ~r 



I III 

r 3,ir r"" r ~^ 



^.3 1 — ^ — — ---j:*4- Sec. is 1-] — X 4- --■, 



3 « r 2 3-4 

n n n n n n 

&c. 
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18. If in the series, which concludes the last article, n be 
equal to r, the whole series becomes equal to i-{-x. For in 

n 

this case -^ =1, and therefore -~— == o, and consequently 
every term in the series, after the second, becomes equal to o, 
or vanishes. 

Hence it is evident that the rth root of i-f-^, or, which is 



I 

■ — I 



the same thing, that i+xl =!-{- ~-^+ f ' — r~""^*Ht" T" • 



II III 

. I — _2 1 2 3 

r r , , 1 r r r 



x'Jf — . , . x^-U &c. for this se- 

z 3 ~ r 2 3 4 T^ 

ries being raised to the rth power becomes equal to i-^-x. 
As by the general principles of involution the nth power of 

I n 

r 



t-^x\ ^ is i'\-x\ ^ , it therefore follows, from the last observa- 



tion and the preceding article, that i-\-x\ =1+ 7- at + 7-. 

n n n n n n 
I . I 2 I — —2 3 

&c. 



19. By the general principles of involution a — b\"=a''% 



1 =a''xi — 0:1", by putting x= — . By article 14, « being 



a whole number, 1 — x\"=:i — noc-^n . -j~ a?" — n . -j- . — - — a?' 
-J-n . ^^^ . ^^^ . ^^ X* — &c. and by the same article, m being 

m — I . m—i 



a whole number, 1 — x\"'=i — mx'^m . — - — x*—m. 



Jl-L a^^jLm . i!!=li- . ~!^^=t . JI1=L x'-~ &c. But by the general 
principles of involution, and article 14, i — xty.i — irr=i-r-.rl"+"*' 
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=1 — n-^-mx-f-n-^m . —^ x — n-\-m . — . — -^^^ x 

— ; «+m— I n+w — z «+m? — ^ . c 

' 2 3 4 

Hence it is evident that if the series equal to i — xl" be 
multiplied by the series equal to 1 —xf", the product must be 
equal to the series, which is equal to 1 — x\^'^^. Now the two 
first mentioned series being multiplied into one another, and 
the parts being arranged according to the powers of a:, the 
several products will stand as in the following representation. 



x' — n . , X 4- n . . . — - 

2 2 3 ' 2 3 4 

m—i m — I m— 2 3 , m — 1 m — 2 m — 3 



1 — x\ =1 — nx-V-n . X'' — n . , x 4- ?i . . . — - x^ — &c. 

• 2 2 3 ' 2 3 4 



1 — j:l = 1 --mx+m . — — ■x»— w . -■-- . ——-x^+m . - -— . — — . —-^ x^— &c. 



»— I . M — I n — 2 3 , n — I n — 2 71— -i . o 

i__ nx-\- n . -—- x'—n . -^. -—- x'-^7i ._-_.--.. ~_^ a;*- &c. 



m. nx —m.n.-—~ x4-m.n. — - — . -— — ^ — &c. 
2 23 

m. x^--m. ■" — ".nx^-^-m. .n.~~- x* — &c. 

2 2*22 

m—i m — 2 , , m — 1 m—z .. „ 

—m . -^ — . X -^m , . .nx* — &c. 

23' 23 

For the sake of reference hereafter let this be called 
multiplication B» 

Now for the same reasons as are stated in the 15th and 
16th articles, the whole coefficient prefixed to any power of 
X in multiplication B, must be equal to the coefficient prefixed 
to the same power of x in the series 1 —fn-^-tuv-^m-^n . 

m-i-n — I e ; — jk + ?i — I m-i-n — 2 3 , ; — • m-{-n — i m-{-n — 2 

^ — X*— m-\-n.--^^ — . —^^ — X ^m-^n.—^ — . — - — 

. • -"''"~-^ s* — &c. ; and we are also at liberty to suppose n and 

m to be any two fractions whatever, in the series multiplied 

into one another, and consequently in the series expressing 

their product. 

T t 3 
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Proceeding therefore as in the 17th and 18th articles, and 

I I 

iisinff the same notation, i—x\ =1 x4- •— . — :; — j:*— -7 

II III 



3 



n n n 11 

r . n r r 



Also l-^i '=1- -^X+^.-^X'-r- f . -^--~ . ^— ~ X' 



n n n 

1 2 3 

n r r r 



_ , , , , x^ — &c. 

r 2 3 4 

20. It is easily proved, by means of the 15th and i6th 
articles, that 



'— — -or . — — . , 

Z i rf» _ I g n — I . , n-—i n — 2 , , «— i n — 2 n — % . , „ 

i+'^l 1+ ^'^'4- ^ • -^^"+» . —^ . x^-\-n . . , — i A'*-j- &c. 



is equal to the series i-\-m — n^-^-m — n. — -v-^m — n , 



2 3 ~ 2 3 4 ' 

whether m and n be whole numbers or fractions. For v being 
equal to m — n, this last series becomes i-\'Va^-\-v . ^^ .v^-^-v . 

V — I V — 2 3 , V 1 V 2 V- 



^ x^-{-v . -J- . — . — i j:*-j- &c. ; and this series being 

multiplied by i -yix-^n . ^^=1 0?'+^ . ^=i . ^^=i x'^n . '-^ . ^^^ 

2 23 23 

• 2~ *■*-!- Sec. the series expressing their product, by the I5tli 
and 16th articles, is 1 -^-v-^-nx-^-v^n . ^"^"~' ..y°-4-^+^ • ' ^"^"~' 

f + M— I 3 , ' ' , v + tt—i v-\-n — 2 v + n—7, i , o -n 

. — - — ■ x'-^v-^-n . — i . -^ . -^ — i A^*4. &c. But as 

3 ' 2 3 4 ' 

t; is equal to in — 71, this last series is equal to i-^mx-^-m . 

*""'" „2 I ^ m— -I JH — 2 3 /K — I 7n— 2 m — 3 4 , o 

— — - cv -\-m . . . ^^'4-OT . . . ,r*4- &c. 



Hence it is evident that - - '■ - — is equal to \-\-rii~r-nx-^m —n 
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• ■ x^-i-m—n , . x'-\-m—n . . 

2 • 23' 23 

. '"''"""^ 0^*4" ^c. ; and as this equation holds in every pos- 
sible value of m, and as, by the general principles of involution 
i+crf is equal to 1, when m is equal to then =L-, or 

s\ =1 — mv — n. x^ — n. . or — n.- . 

2 z 7. 2 



-«-" -"-s.^- &c. 



■00 



3 4 

According to the form of the binomial series, the whole of 
the second, fourth, sixth, &c. terms in the last series consist 
of an odd number of negative parts multiplied into one 
another, and therefore each of these terms becomes a nega- 
tive quantity. But the whole of the third, fifth, seventh, &c. 
terms, consist of an even number of negative parts multiplied 
into one another, and therefore each of these terms becomes 

a positive quantity. Consequently, i-[-a;r'^=zi — nx-^-n . ^^ a^ 

n+i n-\-2 3 , n+i n+z n4-x ^ „ 

z 3 ' z 3 4 

31. By the 19th article we are enabled to prove that 

-a![ i-^-m . —x-^m . .r-f-m . —^ • — — .—x--l~m . — — . . — ix^-^ &c. 



4 

-or — *~ — ~ — ^ — ^ — "— 



n— I , «— I n—2 



" ,« , . «— — 1 , ft — t n ^ I a n — 'I n — z. n — ri * . « 



m—n — I 



is equal to the series i-^m—~7i . — x-\-m—n . — x^-^m—n 

m — M—I m — n — 2 , , — — — m — n — i m — « — 2 m—n—'y, . , 

-x^4-m—?i . -—- -— . — . -i ,2-*+ 



2 3 ■ 2 3^4 

&c. For, as in the preceding article, if this last series be mul- 
tiplied by i-^n . --x-\'?i . 2^ x'-^-jt . ^^ , ^^ . —x^-^ji . -^^ . 
^-^ . 2iZl ,r*-|_ &c. the series expressing the product will be 

+ , M—I . , m ~ 1 m — 2 3 , m — I 
m . — .?4-w . — — x*A-m . — . . —x-f-m. . 
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■^ ^ j?*+ &c. Consequently as :=™ == i -{-m-—n 



-.r-f-m~n.— .r'+w — n. . . — y+w— » 

— . — . _2 jif-\- &c. m every possible value of 



m, it follows that when m is equal to o, then - . or i —xf 

1— ^i" 

=1 — n .■ — x—n . —x^—n . .-■ , — x^ — n . — — ^ 



'■^ X*—- &c. 



3 4 

The form of this series, however, may be changed into one 
more convenient. For the whole of the second, fourth, sixth, 
&c. terms consist of an even number of negative parts multi- 
plied into one another, and therefore each of these terms 
becomes a positive quantity. And as the coefficients of the 
third, fifth, seventh, &c. terms consist of an even number of 
negative parts multiplied into one another, and as in these 
terms the powers of x are positive, each of these terms be- 
comes a positive quantity. Consequently 1 — a:'l~""=:i-f-«'^+ 

2 * 2 3 » 234" 

Every particular necessary for the establishment of the 
binomial theorem has now been proved. I therefore proceed 
to conclude the subject, by shewing that each of the four 
forms, in which the theorem may be expressed, immediately 
follows from tlie preceding articles, and the general principles 
of involution. In each of them n is to be considered either 
as a whole number or fraction. 



22. By article i8,i+d"=i+;z.r-}-n .l^x*+w.^ .^ni^c" 

4- n , 2^ . '^—^ . ^^^ A*4. &c. But if — be equal to x, then 
» 2 3 4 • « T 
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a"xi+— i=fl-|-6i"j by the general principles of involution ; 

— I H— : 



and therefore a+6r=fl''x : i-A-n t-n .^— ^ -r +n 



-- J^n . , — . — i -- -|_ &c. =^"-1-^^^ +'^ • "T" 

+ n — I n~z ,3 n— ■? , n-— i m--2 n — % 74 «— 4. , n „ 
«.^ — . ha ^4-« . . . — -tfa *4-&c. 
23 ~ 2 3 4 • 

By article 19, 1 —x\ ■=zi — M.r-|-n . -j- j:' — « . -j- . -~- ^ -r 
n . ^:=^ . 2=:i . ^=1 X*— &c. and therefore as before, if— be equal 

234 a >■ 

to X, a — 61 c=ia"—nha +« . — j- 6a — w . -j- . -j- " ^ + 
K . , . — - 6* a ^— &c. 



By article so, 1 +4 '=1— n^-|-« .-j-x* — tz 

«+I M+» «+3 



3 



■X 



4.;^ . !i±J: . Itf . !!±3 ^'•_ &c. and therefore if -^ be equal to x, 

J 234 a ^ 

, b\—n h , n+i b^ n+i «+2 b^ , ^, «+i " + a 

• a I fl • 2 a* 23a*' 23 

, 2±1 ^ ™ Sec. But by the general principles of involution 
- =«'"'* X 1 4" "j =a^P6r ; and therefore a-^-bl = 



a-Xi+^i 



» 2 23 • 

f+l n+2 «4-3 y^— "— 4__ g^g 

2 * 3 ■ 4 

By article 21, 1— d =i+«x4-k . _z_^"4.?i . -i_ . ~i~ .^^ 

j.;^ . !!±i . !L±i . !i±i .?>*4. &c. ; and therefore if ™ be equal to .i\ 
'234' a -^ 

a* ''i"' a «^ 2 «* "^ 2 3 rt^ ' 2 3 

±1 ™ _|. &c. But by the general principles of involution 



4 



I —-» 6 1 Ti"'* 



a 



'=a XI =a— 61 ; and therefore a-— -61 =; 

bf " 



Q2,6 Mr. Robertson's new Demonstration, Sec. 

a-''-{.nba-''-'+n . ^ h^ a"-"~'H-n . 2±i . !i±i 6' «-"-3+n , 

234 I 

The four forms expressed in this article include the whole 

of the binomial theorem. 



